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Abstract
We investigate a possibility for construction of the conventional Friedmann cosmology
for our observable Universe if underlying theory is multidimensional Kaluza-Klein model
endowed with a perfect fluid. We show that effective Friedmann model obtained by dy-
namical compactification of the multidimensional one is faced with too strong variations of
the fundamental ”constants”. From other hand, models with stable compactification of the
internal space are free from this problem and also result in conventional 4D cosmological
behavior for our Universe. We prove a no-go theorem which shows that stable compactifica-
tion of the internal spaces is possible only if equations of state in the external and internal
spaces are properly adjusted to each other. With a proper choice of parameters (fine tun-
ing), effective cosmological constant in this model provides the late time acceleration of
the Universe. The fine tuning problem is resolved in the case of the internal spaces in the
form of orbifolds with branes in fixed points. However, in this case the effective potential
is too flat (mass gravexcitons is very small) to provide necessary constancy of the effective
fundamental ”constants”.
1 Introduction
Multidimensionality of our Universe is one of the most intriguing assumption in modern physics.
It is a natural ingredient of theories which unify different fundamental interactions with gravity,
such like string/M-theory. It is of great interest to investigate the cosmological consequences of
this assumption. One of the most simple and natural generalization leads to the Kaluza-Klein
(KK) models with warped product topology
M =M0 ×MD′ (1.1)
consisting of an external (”our”) four-dimensional spacetime manifoldM0 and a D
′-dimensional
compact space component MD′ . Here, dynamics of factor spaces is described by their own scale
factors. Obviously, dynamical picture of this model can be very complicated and significantly
differ from the evolution of the Friedmann-Robertson-Walker (FRW) Universe. This deviation
may have dramatic consequences. For example, the abundance of the light elements is very
sensitive to the rate of the evolution. Thus, the deviations from evolution of the FRW Uni-
verse may contradict observable data. Hence, it is very important to show that proposed new
cosmological models are in concordance with conventional FRW cosmology (at least during
the radiation and matter dominated stages). It is also very desirable within these models to
have stages of the initial inflation as well as late time acceleration. The main purpose of the
present paper consists in investigation of a possibility of the conventional description of effective
four-dimensional cosmological models obtained from Kaluza-Klein models.
∗
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We investigate KK models where spacetime is endowed with a multicomponent perfect fluid
[1]. Within the standard KK models and according to the present level of the experimental
data, the internal spaces are unobservable if their scales are of order or less than the Fermi
length LF ∼ 10
−17cm ∼ 1TeV−1. Such small scales can be achieved by two ways. First, the
internal dimensions behave dynamically toward the decrease of their size below LF. Here, the
internal spaces undergo dynamical evolution all the time. This behavior is called dynamical
compactification. Second, the internal spaces can be stabilized near some fixed value, e.g. LF.
This behavior is called stable compactification.
For the first class of models (with dynamical compactification), in Ref. [2] it was proposed
an approach for the reduction of multidimensional models with perfect fluid to an effective
four-dimensional ones which have the form of the conventional cosmology. In the present paper
we elaborate this model and show that it provides very interesting gravitational ”constant”
tuning effect. In spite of dynamical behavior of an effective 4-D gravitational ”constant” and a
non-conventional dynamics of an effective 4-D energy density, their product behaves exactly as
in FRW scenario. Precisely this product enters into Friedmann equations. Thus, the external
space has dynamical evolution in accordance with the standard FRW cosmology. However, it is
well known that in KK approach dynamical internal spaces lead to variation of the fundamental
constants (see e.g. [3] - [7] and references therein). As result, we show that the fundamental
constants in model [2] undergo too large variations in comparison with experimental data.
Next, we consider models with stable compactification. It is worth of noting that two par-
ticular classes of solutions with the stable compactification of the internal spaces (for models
with perfect fluid) were already found in our paper [8]. In the present paper we prove a no-go
theorem according to which the models with perfect fluid do not admit the stable compactifi-
cation in the case of an arbitrary combination of equations of state in the external and internal
spaces1 . There are only two exceptional classes where the stable compactification takes place
and these classes exactly coincide with those found in [8]. Hence, these classes entirely exhaust
all possibilities for the stable compactification. We construct a particular model which belongs
to these classes and has a Friedmann-like behavior for the external space (our Universe) during
the radiation and matter dominated stages and late-time acceleration. However, the parameters
of model should be fine tuned to get the observable dark energy. The reason of it is simple
and rather common for such type of KK models. From the stability condition (condition for
the minimum of an effective potential) follows that all parameters of the model have the same
order of magnitude as the curvature of the internal space2: R1 ∼ L
−2
F ∼ 10
34cm−2 which is
much greater than the observable value of the dark energy3 ΛDE ∼ 10
−123ΛP l ∼ 10
−57cm−2.
So, only with the help of extreme fine tuning, the parameters can adjust to each other in such
a way to leave a fraction corresponding to ΛDE .
To avoid the fine tuning problem, we generalize this model to the case of orbifold internal
space with branes in fixed points. In the spirit of Universal Extra Dimension (UED) models
[12], the Standard Model fields are not localized on the brane but can move in the bulk. We
consider flat orbifolds. Therefore, the curvature of the internal space is absent and the rest of
parameters can be of the order of ΛDE without fine tuning. However, in this case the effective
potential is too flat (mass gravexcitons is very small) to provide necessary constancy of the
effective fundamental ”constants”.
The paper is structured as follows. In section 2, we explain the general setup of our model
and give a basic description of KK models with multicomponent perfect fluid. Section 3 is
devoted to consideration of a model with dynamical compactification. In spite of the Friedmann-
like behavior, it is shown that effective fundamental four-dimensional constants undergo too fast
variations. In section 4 we prove the no-go theorem on stable compactification of internal spaces
1For a particular case, this theorem was also confirmed in paper [9, 10].
2As far as we know, the idea of TeV-scale extra dimensions was first proposed in [11].
3The experimental data give an estimate for the dark energy density: ρDE ∼ 10
−123ρPl =⇒ ΛDE ∼ 10
−123ΛPl.
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in model with perfect fluid and find only two exceptional classes where such compactification is
possible. For these cases, in section 5, we construct a model with conventional cosmology in the
external space. Here, the effective 4-D cosmological constant is positive. However, parameters
of the model should be fine tuned to get observable dark energy density. In section 6, we
generalize the latter model to the case of stable orbifold. It gives us a possibility to avoid
the problem of fine tuning. However, the effective potential is not curved enough to provide
necessary constancy of the effective fundamental ”constants”. The main results are summarized
in the concluding section 7.
2 General setup
To start with, let us consider a cosmological model with factorizable geometry,
g = g (0)(x) +
n∑
i=1
L2P le
2βi(τ)g(i)(y) (2.1)
≡ −e2γ(τ)dτ ⊗ dτ + L2P le
2β0(τ)g(0)(~x) +
n∑
i=1
L2P le
2βi(τ)g(i)(y) ,
which is defined on the manifold (1.1) where, for generality, MD′ is also a direct product of
n compact di-dimensional spaces: MD′ =
∏n
i=1Mi,
∑n
i=1 di = D
′. Metric g (0) describes the
external (our) spacetime M0 = R×M0 with dimension D0 = 1+ d0 = 4. In order get effective
four-dimensional cosmology in the form of the Friedmann equations, we assume that the factors
Mi are Einstein spaces: Rkl[g
(i)] = λig
(i)
kl , i = 0, . . . , n, k, l = 1, . . . , di and R[g
(i)] = λidi ≡ Ri.
In the case of constant curvature spaces parameters λi are normalized as λi = ki(di − 1) with
ki = ±1, 0. Quantities a ≡ LP le
β0 and bi ≡ LP le
βi (i = 1, . . . , n) describe scale factors of the
external and internal spaces, respectively.
With respect to the internal spaces, there are two possible scenarios: either they are stably
compactified at the present time values b(0)i ≡ LP le
βi0 = const, or there is no such stabilization
and bi remain dynamical functions. In latter case, β
i(τ) define the averaged dynamics of
the volume of the internal spaces and b(0)i is just instantaneous values of bi corresponding to
the present time τ0. For both of these cases, it make sense to consider small inhomogeneous
particle-like excitations/fluctuations β
i
(x) over such background (either over constant βi0 or over
dynamical βi(τ)), which describe massive scalar particles (gravexcitons/radions) developing in
the external spacetime [13, 14]. The total volume of the internal spaces at the present time is
given by
VD′ ≡ VI × v0 ≡
n∏
i=1
∫
Mi
ddiy
√
|g(i)| ×
(
n∏
i=1
ediβ
i
0(LP l)
D′
)
= VI ×
n∏
i=1
bdi(0)i. (2.2)
The factor VI is dimensionless and defined by geometry and topology of the internal spaces.
The action functional for considered multidimensional models reads
S =
1
2κ2D
∫
M
dDx
√
|g| {R[g]− 2ΛD}+ Sm , (2.3)
where κ2D is D-dimensional fundamental gravitational constant and Sm is an action for bulk
matter. In conventional cosmology matter fields are taken into account in a phenomenological
way as a perfect fluid with equal pressure in all three special directions. It provides homogeneous
(if energy density and pressure depends only on time) and isotropic picture of the Universe.
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In multidimensional case we generalize this approach to a m−component perfect fluid with
energy-momentum tensor
TMN =
m∑
c=1
T (c)
M
N , (2.4)
T (c)
M
N = diag (−ρ
(c)(τ), P
(c)
0 (τ), . . . , P
(c)
0 (τ)︸ ︷︷ ︸
d0 times
, . . . , P (c)n (τ), . . . , P
(c)
n (τ)︸ ︷︷ ︸
dn times
) . (2.5)
The conservation equations we impose on each component separately
T (c)
M
N ;M = 0. (2.6)
Denoting by an overdot differentiation with respect to time τ in metric (2.1), these equations
read for the tensors (2.5)
ρ˙(c) +
n∑
i=0
diβ˙
i
(
ρ(c) + P
(c)
i
)
= 0 . (2.7)
If the pressures and energy density are related via equations of state
P
(c)
i =
(
α
(c)
i − 1
)
ρ(c), i = 0, . . . , n, c = 1, . . . ,m , (2.8)
then eq. (2.7) have the simple integrals
ρ(c)(τ) = A(c)a−d0α
(c)
0 ×
n∏
i=1
b
−diα
(c)
i
i , (2.9)
where A(c) are constants of integration.
3 Dynamical compactification: fundamental ”constant” varia-
tion problem
In this section we investigate a possibility for conventional cosmology in the case of multidi-
mensional models with dynamical behavior of the internal spaces. More precisely, we consider
the case of dimensional stabilization when the scale factors of the internal spaces bi decrease
with time.
For simplicity, we consider the case of one internal space: n = 1, b1 ≡ b. Perfect fluid is
also taken in one component form: c = 1⇒ ρ(1) ≡ ρ, P
(1)
0 ≡ P0, P
(1)
1 ≡ P1. Then, the Einstein
equations is reduced to 3 differential equations:
κ2Dρ =
{
3H2 +
3k0
a2
− ΛD
}
+
1
2
d1(d1 − 1)
(
b˙
b
)2
+ 3d1H
b˙
b
+
d1
2
(d1 − 1)
k1
b2
, (3.1)
κ2DP0 =
{
−2
a¨
a
−H2 −
k0
a2
+ ΛD
}
− d1
b¨
b
−
1
2
d1(d1 − 1)
(
b˙
b
)2
− 2d1H
b˙
b
−
d1
2
(d1 − 1)
k1
b2
(3.2)
and
κ2DP1 = −3
a¨
a
− 3H2 −
3k0
a2
+ ΛD − (d1 − 1)
b¨
b
−
1
2
(d1 − 1)(d1 − 2)
(
b˙
b
)2
(3.3)
− 3(d1 − 1)H
b˙
b
−
1
2
(d1 − 1)(d1 − 2)
k1
b2
,
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where H ≡ a˙/a is the Hubble parameter and dots denote differentiation with respect to syn-
chronous time t (which corresponds to the gauge γ(τ) = 0⇒ τ ≡ t in metric (2.1)). This set of
equations should be supplemented with eq. (2.7), which results in solution (2.9) in the case of
equations of state (2.8): Pi = (αi − 1) ρ, i = 0, 1.
It worth of noting that eqs. (3.1) and (3.2) have the form of the standard FRW equations
if we leave in the rhs only terms in curly brackets. So, we arrive to natural question. Could
we rewrite these equations in such a way that they reproduce equations of the conventional
cosmology, i.e. the Friedmann equations? On the face of it, the answer is positive. The reason
for such answer is based on the following observation made in Ref. [2]: if we suppose that the
scale factor of the internal space evolves according to the relation4
b =
B
aq
, B ≡ const (3.4)
and parameter q satisfies the condition
d1q(d1q − q − 6) = 0 (3.5)
then, for the case of Ricci-flat internal space (k1 = 0), eqs. (3.1)–(3.3) can be correspondingly
rewritten as
κ20ρ(4) = 3H
2 +
3k0
a2
− ΛD , (3.6)
κ20P(4) = −2
a¨
a
−H2 −
k0
a2
+ ΛD (3.7)
and
κ2DP1 = (d1q − q − 3)
a¨
a
−
1
2
[6 + q(d1 − 1)(d1q − 4)]H
2 −
3k0
a2
+ ΛD . (3.8)
Here,
ρ(4) ≡ ρVd1 , P(4) ≡
[
P0 −
d1q
3
(ρ+ P1)
]
Vd1 (3.9)
are identified with observable four-dimensional energy density and pressure, respectively.
It can be easily seen, that eqs. (3.6) and (3.7) formally reproduce the famous FRW equations
(in the presence of the cosmological constant). The third eq. (3.8) can be used to find the
pressure along the extra dimensions in term of the scale factor a(t) of the observable Universe.
However, there are two main difference between this effective model and the standard FRW
universe. First of all, the effective four-dimensional gravitational ”constant” κ20 is not a constant
but a dynamical function:
κ20 = κ
2
D/Vd1 . (3.10)
In considered model, the volume of internal space reads
Vd1 = VIb
d1 = VIB
d1/ad1q ≡ V Ia
−d1q . (3.11)
It is worth of noting, that eq. (3.5) is necessary condition for a correct normalization of the
effective four-dimensional gravitational ”constant”. Only in this case we can reproduce eq.
(3.10). If parameter q does not satisfy condition (3.5), it results in non-correct gauging of κ0
(see corresponding comments in paper [15]). Eq. (3.5) has two solutions: q = 0, which describes
the static internal space, and
q =
6
d1 − 1
, d1 6= 1 , (3.12)
4In this case the internal space decreases with expansion of the external one. So, we obtain a model with
dynamical compactification of the extra dimensions. For such models the rate of compactification plays very
important role. This point will be discussed at the end of this section.
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which corresponds to the dynamical compactification. In this section we shall concentrate on
the latter case mentioning briefly the static case at the end of the section.
Second very important difference between our effective model and conventional cosmology
consists in the equation of conservation of energy. For our model, eq. (2.7) with the help of
eqs. (3.9) can be written in the following form:
d
dt
(
a3ρ(4)
)
+ P(4)
d
dt
(
a3
)
=
(
a3ρ(4)
) 1
Vd1
d
dt
(Vd1) = −
(
a3ρ(4)
)
d1q
a˙
a
, (3.13)
which, obviously, differs from the standard conservation equation in the FRW Universe by
non-zero rhs.
Similar to the FRW Universe, it can be easily shown that eq. (3.7) comes out from eq. (3.6)
and (3.13). To prove it, it is necessary to keep in mind that κ0 is dynamical function (3.10).
So, there is no need to solve eq. (3.7).
Let us suppose now that the energy density ρ(4) and pressure P(4) are connected with each
other via equation of state:
P(4) = (α− 1)ρ(4) . (3.14)
Then, eq. (3.13) has the following solution:
ρ(4) = ρ0
(a0
a
)3α+d1q
, (3.15)
where ρ0 is the energy density at the moment when scale factor is a0. This behavior of the
energy density differs from the standard one by additional degree d1q, which varies from 6 to
12 if dimension d1 varies from d1 ≫ 1 to d1 = 2, respectively. However, it is very important to
note, that combination
κ20ρ(4) ∼ a
−3α (3.16)
as for the standard cosmology. It follows from the fact that dynamical behavior of κ20 ∼ a
d1q
exactly compensates additional degree a−d1q in expression for ρ(4). As a result, dynamical
evolution of the Universe in our model exactly coincides with evolution of the standard FRW
Universe. For example, if we take a flat Universe (k0 = 0) without cosmological constant
ΛD = 0, then the solution of eq. (3.6) has the standard for FRW Universe form:
a =
(
3α
2
a∗t
)2/(3α)
, (3.17)
where a∗ ≡ κ
2
Dρ0a
3α+d1q
0 /(3V I). Hence, the combination κ
2
0ρ(4) ∼ t
−2 has conventional cosmo-
logical behavior.
Thus, we recover the standard behavior of the Universe in our multidimensional model due
to specific dynamic of the effective four-dimensional gravitational constant κ20 ≡ 8πG4 =⇒
G4 ∼ V
−1
d1
∼ ad1q (see eq. (3.10)). Contrary to the Dirac hypothesis on G4 ∼ t
−1 and negative
G˙4/G4 < 0 [16], in our model G4 increases with time (if the scale factor a is a growing function
of time) and G˙4/G4 is positive. For example, in the case of solution (3.17) we get
G4 ∼ t
2d1q/(3α) =⇒
G˙4
G4
=
2d1q
3α
1
t
> 0, ∀α > 0 . (3.18)
It gives for the age of the Universe tu ∼ 14Gyr
G˙4
G4
∼ 10−10yr−1 . (3.19)
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There are a number of estimates for possible variations of G4 (see e.g. [3]-[6] and references
therein). Comparison with these estimates shows that our value (3.19) is too large5. |G˙4/G4|
should be smaller by at least two orders of magnitude. Negative sign of G˙4/G4 is also preferable
although positive values are not excluded [4]. In spite of rather large value (3.19), it is worth
of noting that some of estimates are not applicable for our model. The reason of it is that the
Universe in our model has the same rate of evolution as the conventional Universe. Thus, the
time-depending G4 in our case has no direct effects on the CMB angular power spectrum as
well as on the nucleosynthesis.
From other hand, dynamical behavior of the internal spaces can result in variation others
fundamental constants. For example, the inclusion in the model of the electromagnetic fields
leads to the variation of the fine structure constant: α4 = αD/Vd1 [4, 7]. Thus, variations of G4
and α4 are connected with each other as follows:
G˙4
G4
=
α˙4
α4
. (3.20)
The observation of quasar absorbtion lines shows that α˙4/α4 ∼ 10
−15yr−1 [18]. Thus, provided
that these observational determination of α˙/α is correct, we should also have this estimate
for G˙4/G4. Obviously, this is much less than (3.19). The relatively large value of G˙4/G4
in our model originates from a high rate of evolution of the internal space: Vd1 ∼ a
−d1q ∼
t−2d1q/(3α) = t−4d1/[α(d1−1)]. For radiation (α = 4/3) and dust (α = 1), we have correspondingly
3 < 2d1q/(3α) ≤ 6 and 4 < 2d1q/(3α) ≤ 8.
The evolution of the internal space can be slow down if parameter d1q → 0. However, its
value is defined by eq. (3.12) and varies in limits from 6 to 12. We can resolve this problem
taking the second solution of eq. (3.5): q = 0, which corresponds to the static internal space:
b ≡ const. Unfortunately, it is difficult to justify this solution for arbitrary ρ, P0 and P1.
Other words, solution b = const is, in general, not stable (for details, see the next section).
Nevertheless, for some particular cases, stable solutions exist and we discuss them in the next
section.
4 Stable compactification: no-go theorem
To investigate the problem of the stable compactification, it is helpful to use the equivalence be-
tween the Einstein eqs. (3.1) - (3.3) and the Euler-Lagrange equations for Lagrangian obtained
by dimension reduction of the action (2.3) with
Sm = −
∫
M
dDx
√
|g|ρ , (4.1)
where ρ is given by eq. (2.9) (see [1] for details). This equivalence takes place for homogeneous
model (2.1). However, we can generalize it to the inhomogeneous case allowing inhomogeneous
fluctuations β
i
(x) over stably compactified background βi0 = const:
β
i
(x) = βi(x)− βi0 , i = 1, . . . , n , (4.2)
where coordinates x are defined on the manifold M0. In this section, b(0)i = LP l exp β
i
0 are
treated as the scale factors of the internal spaces stabilized at the present time.
5Similar conclusion on too large variations of the 4-D gravitational constant in multidimensional models with
ideal perfect fluid and dynamical internal spaces was obtained in paper [17].
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Then, after conformal transformation of the external spacetime metric from the Brans-Dicke
to the Einstein frame6:
g(0)µν (x) = Ω
2g˜(0)µν (x) :=
(
n∏
i=1
ediβ
i
) −2
D0−2
g˜(0)µν , (4.3)
the dimensional reduction of action (2.3) with the matter term (4.1) results in the following
four-dimensional effective theory (see for details, [8, 13, 14]):
S =
1
2κ20
∫
M0
dD0x
√
|g˜(0)|
{
R˜
[
g˜(0)
]
− G¯ij g˜
(0)µν∂µβ
i
∂νβ
j
− 2Ueff
}
, (4.4)
where κ20 = κ
2
D/VD′ is effective four-dimensional gravitational constant with VD′ from eq. (2.2)
(with b(0)i = LP l exp β
i
0 = const) and corresponds to the present day value (i.e. to the Newton
gravitational constant). In eq. (4.4), G¯ij = diδij + [1/(D0 − 2)]didj and
Ueff =
(
n∏
i=1
ediβ
i
)− 2
D0−2
[
−
1
2
n∑
i=1
R˜ie
−2β
i
+ ΛD + κ
2
D
m∑
c=1
ρ(c)
]
, (4.5)
is the effective potential where R˜i := RiL
−2
P l e
−2βi0 and ρ(c) is defined by eq. (2.9). If we suppose
that the external spacetime metric in the Einstein frame has also the FRW form:
g˜(0) = Ω−2g(0) = g˜(0)µν dx
µ ⊗ dxν := −e2γ˜dτ˜ ⊗ dτ˜ + L2P le
2β˜0(x)g(0) , (4.6)
which results in the following connection between the external scale factors in the Brans-Dicke
frame a ≡ LP le
β0 and in the Einstein frame a˜ ≡ LP le
β˜0 :
a =
(
n∏
i=1
ediβ
i
)− 1
D0−2
a˜ , (4.7)
then, expression (2.9) for ρ(c) can be rewritten in the form:
κ2Dρ
(c) = κ20ρ
(c)
(4)
n∏
i=1
e−ξ
(c)
i β
i
, (4.8)
where
ρ
(c)
(4) = A˜
(c)a˜−d0α
(c)
0 , A˜(c) = A(c)VI
n∏
i=1
b
di(1−α
(c)
i )
(0)i (4.9)
and
ξ
(c)
i = di
(
α
(c)
i −
α
(c)
0 d0
d0 − 1
)
. (4.10)
It can be easily verified that A˜(c) has dimension cmd0α
(c)
0 −D0 .
Thus, the problem of stabilization of the extra dimensions is reduced now to search of
minima of the effective potential Ueff with respect to the fluctuations β
i
:
∂Ueff
∂β
k
∣∣∣∣∣
β=0
= 0 =⇒ R˜k = −
dk
D0 − 2
[
n∑
i=1
R˜i − 2ΛD
]
+κ20
m∑
c=1
ρ
(c)
(4)
(
ξ
(c)
k +
2dk
D0 − 2
)
, k = 1, . . . , n .
(4.11)
6Most easily the analysis of the internal space stabilization can be done in the Einstein frame. For this purpose
we perform this conformal transformation. Evidently, if the stabilization takes place in the Einstein frame (i.e.
β
i
= 0), it also occurs in the BD frame because both of these frames in this case coincide with each other.
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The left-hand side of this equation is a constant but the right-hand side is a dynamical function
because of dynamical behavior of the effective four-dimensional energy density ρ
(c)
(4) . Thus, we
arrived to the following
No-go theorem:
Multidimensional cosmological Kaluza-Klein models with the perfect fluid as a matter source
do not admit stable compactification of the internal spaces with exception of two special cases:
I. α
(c)
0 = 0 , ∀ α
(c)
i , i = 1, . . . , n, c = 1, . . . ,m . (4.12)
II. ξ
(c)
i = −
2di
d0 − 1
=⇒


α
(c)
0 =
2
d0
+ d0−1d0 α
(c) ,
α
(c)
i = α
(c), i = 1, . . . , n, c = 1, . . . ,m .
(4.13)
First case corresponds to vacuum in the external space ρ
(c)
(4) = A˜
(c) = const and arbitrary
equations of state in the internal spaces. Some bulk matter can mimic such behavior, e.g.
vacuum fluctuations of quantum fields (Casimir effect) [13, 19], monopole form fields [13, 20]
and gas of branes [21].
In the second case7, the energy density in the external space is not a constant but a dynamical
function with the following behavior8:
ρ
(c)
(4)(a˜) = A˜
(c) 1
a˜2+(d0−1)α
(c)
= A˜(c)
1
a˜2(1+α
(c))
∣∣∣∣
d0=3
. (4.14)
For example, in three-dimensional external space, such perfect fluid has the form of a gas of
cosmic strings for α(c) = 0, dust for α(c) = 1/2 and radiation for α(c) = 1.
5 Late time acceleration of the Universe: fine tuning problem
Let us try now to built more o less viable model with stabilized internal spaces. In our pa-
per [8] were have already investigated Friedmann-like multidimensional cosmological models
with the perfect fluid of (4.14). It was shown that one of the necessary conditions for the sta-
ble compactification is the negativeness of an effective four-dimensional cosmological constant.
However, a negative cosmological constant leads to a deceleration of the Universe instead of an
accelerated expansion, as recent observational data indicate [22]. In [23] we already indicated
that the effective cosmological constant can be shifted from negative values to positive ones by
including into the nonlinear model matter fields, e.g. additional form fields. This hypothesis
was confirmed in Ref. [20]. In the present paper, we try to achieve the similar effect combining
together cases I. and II. To be more precise, additionally to the the perfect fluid of the type II,
we endow our model with the monopole form fields [13, 20]:
Sm = −
1
2
∫
M
dDx
√
|g|
n∑
i=1
1
di!
(
F (i)
)2
= −
∫
M
dDx
√
|g|
n∑
i=1
f2i
b2dii
, (5.1)
7In paper [8], it was found that condition (4.13) results in effective potentials (4.5) with separating scale factor
contributions from internal and external factor spaces. It was stressed that this separation crucially simplifies the
analysis of the internal space stable compactification. We can rewrite (4.13) in the form 2−d0α
(c)
0 +(d0−1)α
(c)
i =
0. In the case d0 = 3, i = c = 1, the same expression was found in [9] where it was shown that it provides the
static flat internal space in the model with ΛD = 0. It can be easily shown that such static solution is unstable.
8The corresponding equation of state is: P
(c)
(4) = (1/3)(2α
(c)
− 1)ρ
(c)
(4), where we put d0 = 3.
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where fi ≡ const are arbitrary constants of integration (free parameters of the model) and for
real form fields f2i > 0. Comparison of this expression with eqs. (4.1) and (2.9) shows that
such monopole form fields are equivalent to n-component perfect fluid with α
(c)
0 = 0, α
(c)
i =
2δci , c, i = 1, . . . , n, i.e. belong to the case I.
Without loss of prediction power of our conclusions, we can perform our analysis in the case
of one internal space n = 1. Then, the effective potential for such combined model9 undergos
the following separation:
Ueff =
(
ed1β
1
)− 2
D0−2
[
−
1
2
R˜1e
−2β 1 + ΛD + f˜
2
1 e
−2d1β
1
]
︸ ︷︷ ︸
Uint(β 1)
+ κ20
m∑
c=1
ρ
(c)
(4)(a˜)︸ ︷︷ ︸
,
Uext(a˜)
(5.2)
where ρ
(c)
(4)(a˜) is defined by eq. (4.14) and f˜
2
1 ≡ κ
2
Df
2
1/b
2d1
(0)1. This separation is the re-
sult of cancellation of the prefactor exp (−2d1β
1
/(D0 − 2)) in Ueff (4.5) with correspond-
ing prefactor in effective 4D energy density form the case II: κ2Dρ
c = κ20ρ
(c)
(4) exp (−ξ
(c)
1 β
1
) =
κ20ρ
(c)
(4) exp (2d1β
1
/(D0 − 2)). We will show below, that such separation on the one hand pro-
vides a stable compactification of the internal factor space due to a minimum of the first
term Uint = Uint(β
1) as well as a dynamical behavior of the external factor space due to
Uext = Uext(a˜).
First, we investigate the problem of stable compactification of the internal space. It is clear
that such stabilization for our model takes place if potential Uint has a minimum with respect
to fluctuation field β
1
:
∂Uint
∂β
1
∣∣∣∣∣
β
1
=0
= 0 =⇒
D − 2
2d1
R˜1 = ΛD + d0f˜
2
1 . (5.3)
The value of this potential at the minimum plays the role of effective four-dimensional cosmo-
logical constant:
Λeff := Uint|β 1=0 = −
1
2
R˜1 + ΛD + f˜
2
1 . (5.4)
With the help of the extremum condition (5.3), Λeff can be written in the form
Λeff =
D0 − 2
2d1
R˜1 − (D0 − 2)f˜
2
1 (5.5)
=
D0 − 2
D − 2
ΛD −
(
d0d1
D − 2
− 1
)
f˜21 (5.6)
=
d0 − 1
d0
ΛD −
1
2
(
1−
D − 2
d0d1
)
R˜1 . (5.7)
Second derivative of Uint in the extremum position reads
∂2Uint
∂β
12
∣∣∣∣∣
β
1
=0
= −2
(
D − 2
D0 − 2
)2
R˜1 +
(
2d1
D0 − 2
)2
ΛD +
(
2d0d1
D0 − 2
)2
f˜21 (5.8)
=
4
D0 − 2
[
−
1
2
(D − 2)R˜1 + 4d0d
2
1f˜
2
1
]
(5.9)
=
4d1
(D0 − 2)2
[
−(D0 − 2)ΛD + (D − 2)d0
(
d0d1
D − 2
− 1
)
f˜21
]
(5.10)
=
4
(D0 − 2)2
[
−d21(d0 − 1)ΛD +
1
2
(D − 2)2
(
d0d1
D − 2
− 1
)
R˜1
]
. (5.11)
9We consider the case where the Casimir energy density is negligible in comparison with the energy density
of the form fields.
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For stable compactification, this extremum should be a minimum. Then, small fluctuations
above it describe minimal scalar field (gravitational excitons [13]) propagated in the external
space with the mass squared
m2exci ≡
D0 − 2
d1(D − 2)
∂2Uint
∂β
12
∣∣∣∣∣
β
1
=0
> 0 . (5.12)
Additionally, the effective four-dimensional cosmological constant should be positive Λeff > 0.
This is the necessary condition for the late time acceleration of the Universe in considered model.
Both of these conditions (the positiveness of Λeff and m
2
exci) lead to the following inequalities
10
d1f˜
2
1 <
1
2 R˜1 <
4d0d1
D − 2
× d1f˜
2
1 (5.13)
D − 2
D0 − 2
(
d0d1
D − 2
− 1
)
f˜21 < ΛD < d0 ×
D − 2
D0 − 2
(
d0d1
D − 2
− 1
)
f˜21 (5.14)
1
2
D − 2
d1(d0 − 1)
(
d0d1
D − 2
− 1
)
R˜1 < ΛD <
D − 2
d1
×
1
2
D − 2
d1(d0 − 1)
(
d0d1
D − 2
− 1
)
R˜1 . (5.15)
These inequalities clearly show that the positive minimum takes place only if signs of R˜1 and
ΛD are positive: R˜1,ΛD > 0 (for real form fields with f˜
2
1 > 0). Thus, for non-positive R˜1
and ΛD the effective cosmological constant is also non-positive
11. For example, in the case of
Ricci-flat (R˜1 = 0) internal spaces (e.g. d1 = 1) the effective four-dimensional cosmological
constant can admit only negative values.
According to the present day observations, our Universe undergoes the late time acceler-
ating expansion due to a dark energy [22]. The origin of the dark energy is the great chal-
lenge of the modern theoretical physics and cosmology. The cosmological constant is one
of the most probable candidate for it. According to the observations, its value should be
ΛDE ∼ 10
−123ΛP l ∼ 10
−57cm−2. Let us estimate now a possibility for our effective cosmologi-
cal constant to admit this quantity: Λeff ∼ ΛDE ∼ 10
−57cm−2.
It is well known that in KK models the size of extra dimensions at present time should be of
order or less than b(0)1 ∼ 10
−17cm ∼ 1TeV−1. In this case R˜1 ∼ b
−2
(0)1 ∼ 10
34cm−2. From other
hand, inequalities (5.13) - (5.15) show that R˜1,ΛD and f˜
2
1 are of the same order of magnitude,
i.e. R˜1 ∼ ΛD ∼ f˜
2
1 ∼ 10
34cm−2, and have the same sign. Thus, these parameters should be
extremely fine tuned (in eq. (5.4)) to compensate each other in such a way that to leave only
10−57cm−2. We see two possibilities to avoid this problem. First, the inclusion of different
form fields/fluxes may result in a big number of minima (landscape) [24] with sufficient large
probability to find oneself in a dark energy minimum. This problem we shall investigate in our
forthcoming paper. Second, we can avoid the restriction R˜1 ∼ b
−2
(0)1 ∼ 10
34cm−2 if the internal
space is Ricci-flat: R˜1 = 0. For example, M1 can be an orbifold with branes in fixed points
[12]. This model we investigate in the next section.
For masses of gravexcitons we obtain (if b(0)1 ∼ 10
−17cm ∼ 1TeV−1)
mexci ∼ 1TeV . (5.16)
Masses of such heavy gravexcitons are very close to values which do not contradict to the
observable data [7, 25]. They decay (e.g. due to reaction ψ → 2γ) long before the present time
and the effective potential contributes in the form of the effective cosmological constant (5.4).
10The inequalities in the lhs result from the condition Λeff > 0 applied to eqs. (5.5) -(5.7), whereas the
inequalities in the rhs follow from the minimum condition m2exci > 0 applied to eqs. (5.9) - (5.11).
11It is worth of noting that expression [(D− 2)/(2d1)] R˜1−ΛD should be non-negative for any signs of R˜1 and
ΛD, as it follows from eq. (5.3).
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Let us now turn to the dynamical behavior of the external factor space. We consider zero
order approximation, when all excitations are freezed out (or heavy enough to decay before the
present time). Because our Universe (external space) is homogeneous and isotropic, functions
γ˜ and β˜0 depends only on time: γ˜ = γ˜(τ˜) and β˜0 = β˜0(τ˜). Then, the action functional (4.4)
(for combined model (5.2)) after dimensional reduction reads:
S =
1
2κ20
∫
M¯0
dD0x
√
|g˜(0)|
{
R˜
[
g˜(0)
]
− 2Ueff
}
=
=
V0
2κ20
∫
dτ˜

eγ˜+d0β˜0e−2β˜0R[g(0)] + d0(1 − d0)e−γ˜+d0β˜0
(
dβ˜0
dτ˜
)2
−2eγ˜+d0β˜
0
(
Λeff + κ
2
0
m∑
c=1
ρ
(c)
(4)
)}
+
V0
2κ20
d0
∫
dτ˜
d
dτ˜
(
e−γ˜+d0β˜
0 dβ˜0
dτ˜
)
, (5.17)
where V0 :=
∫
M0
dd0x
√
|g(0)|, ρ
(c)
(4) is defined by eq. (4.14) and usually R[g
(0)] = kd0(d0−1), k =
±1, 0. The constraint equation ∂L/∂γ˜ = 0 in the synchronous time gauge γ˜ = 0 yields(
1
a˜
da˜
dt˜
)2
= −
k
a˜2
+
2
d0(d0 − 1)
(
Λeff + κ
2
0
m∑
c=1
ρ
(c)
(4)(a˜)
)
, (5.18)
which results in
t˜+ const =
∫
da˜[
−k +
2Λeff
d0(d0−1)
a˜2 +
2κ20
d0(d0−1)
∑m
c=1
A˜(c)
a˜(d0−1)α
(c)
]1/2 ,
=
∫
da˜[
−k +
Λeff
3 a˜
2 +
κ20
3
∑m
c=1
A˜(c)
a˜2α
(c)
]1/2 , (5.19)
where in the last line we put d0 = 3.
Thus in zero order approximation we arrived at a Friedmann model in the presence of
positive cosmological constant Λeff > 0 and a multicomponent perfect fluid. It is assumed that
Λeff defines dark energy observed now. The perfect fluid has the form of a dust for α
(c) = 1/2
and radiation for α(c) = 1. As for ordinary matter α(c) > 0 , the cosmological constant plays a
role only for large a˜ and because of the positive sign of Λeff the Universe undergos the late time
acceleration. The inclusion of gravexcitons into consideration (the first order approximation)
does not change this picture because gravexcitons with masses (5.16) decay into usual matter
before primordial nucleosynthesis [7].
Within the bounds of this scenario, there is also a possibility for a primordial inflation. For
this purpose we can consider one component perfect fluid with α(1) < 0, e.g. α(1) = −1/2 ⇒
α
(1)
0 = 1/3 which describes a frustrated network of domain walls in the external space. It is well
known that such perfect fluid results in acceleration of the Universe. For example, in the case
α(1) = −1/2 the flat Universe (k = 0) undergoes the power law inflation at early times: a˜ ∼ t˜2.
If domain walls decay into ordinary matter, then the described above Friedmann-like behavior
follows the inflation.
6 Stabilization of orbifolds
In this section, to avoid the fine tuning problem, we consider Ricci-flat internal spaces. In this
case scalar curvatures of the internal spaces are absent and there is no need for extreme fine
tuning of the parameters to get the observable dark energy.
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Among such models, Universal extra dimension models (UED) are of special interest [12].
Here, the internal spaces are orbifolds12 with branes in fixed points. The compactification of
the extra dimensions on orbifolds has a number of very interesting and useful properties, e.g.
breaking (super)symmetry and obtaining chiral fermions in four dimensions (see e.g. paper by
H.-C. Cheng at al in [12]). The latter property gives a possibility to avoid famous no-go theorem
of KK models (see e.g. [26]).
In UED models, the Standard Model fields are not localized on the brane but can move in
the bulk. Branes in fixed points contribute in action functional (2.3) in the form:
∑
fixed
points
∫
d4x
√
g(0)(x)Lb
∣∣∣∣
fixed
point
, (6.1)
where g(x) is induced metric (which for our geometry (2.1) coincides with the metric of the
external spacetime in the Brans-Dicke frame) and Lb is the matter Lagrangian on the brane.
In what follows, we consider the case where branes are only characterized by their tensions
Lb(k) = −τ(k) , k = 1, 2, . . . ,m and m is the number of branes.
After transformation to the Einstein frame (4.3), the action (6.1) reads
1
2κ20
∫
d4x
√
g˜(0)(x)
(
n∏
i=1
ediβ
i
)− 2
D0−2
[
−2κ20
m∑
k=1
τ(k)
n∏
i=1
e−diβ
i
]
. (6.2)
The comparison of this expression with eq. (4.5) shows that branes contribute in the effective
potential in the form of one component perfect fluid (c = 1) with equations of state: α
(1)
0 =
0, α
(1)
i = 1, i = 1, . . . , n, i.e. from the case I of the no-go theorem. It means that they contribute
only to the Uint:
Uint =
(
ed1β
1
)− 2
D0−2
[
ΛD + f˜
2
1 e
−2d1β
1
− λe−d1β
1]
, (6.3)
where we consider the case of one internal space i = 1 and introduce notation λ ≡ −κ20
∑m
k=1 τ(k).
Obviously, the internal space is stabilized if potential (6.3) has a minimum with respect to
β
1
. The extremum condition reads:
∂Uint
∂β
1
∣∣∣∣∣
β
1
=0
= 0 =⇒
d1D0
D0 − 2
λ =
2d1
D0 − 2
ΛD +
2d1(D0 − 1)
D0 − 2
f˜21 . (6.4)
The value of this potential at the minimum plays the role of effective four-dimensional cosmo-
logical constant:
Λeff := Uint|β 1=0 = ΛD + f˜
2
1 − λ > 0 , (6.5)
which we assume to be positive. For the mass of gravexcitons we obtain:
m2exci ∼
∂2Uint
∂β
12
∣∣∣∣∣
β
1
=0
=
(
2d1
D0 − 2
)2
ΛD +
(
2d1(D0 − 1)
D0 − 2
)2
f˜21 −
(
d1D0
D0 − 2
)2
λ > 0 . (6.6)
It can be easily seen from condition (6.4) and inequality (6.5) that all three parameters are
positive13: f˜21 ,ΛD, λ > 0. Taking into account inequality (6.6), it can be easily verified that all
these parameters have the same order of magnitude:
f˜21 ∼ ΛD ∼ λ ∼ Λeff ∼ m
2
exci . (6.7)
12For example, S1/Z2 and T
2/Z2 which represent circle and square folded onto themselves due to Z2 symmetry.
13Thus, from λ > 0 follows that summarized tensions of branes should be negative.
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Therefore, there is no need for fine tuning of parameters to obtain the observable value of dark
energy. To get it, it is sufficient to suppose that all these parameters, including Λeff , are of
the order of ΛDE ∼ 10
−123LP l. Thus, we obtain the condition Λeff ∼ ΛDE ∼ 10
−57cm−2.
From one side, it is natural to assume that parameters of the model have the same order of
magnitude. From other side, our model does not answer why this value is equal to 10−123LP l.
According to the anthropic principle, it takes place because human life is possible only at this
value of dark energy.
If we assume that our parameters are defined by ΛDE ∼ 10
−123LP l, then we get for the
gravexciton masses mexci ∼ 10
−33eV ∼ 10−61MP l. These ultra-light particles have a period of
oscillations t ∼ 1/mψ ∼ 10
18sec which is of order of the Universe age. So, up to now these
cosmological gravexcitons did not start to oscillate but slowly move to the position of minimum
of the effective potential. In this case it is hardly possible to speak about stabilization of the
internal space (the effective potential Uint is too flat) and we again arrive to the problem of the
fundamental constant variations.
7 Conclusion
In the present paper we considered a possibility for the construction of the conventional cosmol-
ogy for our observable Universe if underlying theory is multidimensional Kaluza-Klein model.
In the spirit of the Friedmann model, our multidimensional models are also endowed with a
perfect fluid as a matter source. We investigated two different types of KK models.
For the first class of models, the internal spaces become unobservable due to the dynam-
ical compactification. Following an ansatz proposed in Ref. [2], we obtained effective four-
dimensional model which has the form of the Friedmann model with the exception of two
important things. First, the effective four-dimensional gravitational ”constant” κ20 is a dynam-
ical function and, second, the energy density of effective four-dimensional perfect fluid ρ(4) is
not conserved (in usual four-dimensional sense). Accordingly, the energy density ρ(4) behaves
differently than in the FRW Universe. However, the combination κ20ρ(4) has exactly the same
dependence on the scale factor as in the conventional cosmology. Precisely this combination
enters into the Friedmann equations. Thus, the dynamical behavior of the external space in this
model exactly coincides with the standard Friedmann model, i.e. here we have the same rate
of the evolution. Unfortunately, as our investigation shows, the effective four-dimensional fun-
damental ”constants” (e.g. the gravitational constant and the fine structure constant) undergo
too large variations with time in comparison with the observations.
Then, we investigated the problem of the sable compactification of the internal spaces. We
proved the no-go theorem which claims that the stable compactification of the internal spaces
in KK models is impossible in the general case with arbitrary equations of state in the internal
and external spaces. There are only two exceptional classes with appropriate fitted equations
of state. From these classes of solutions, we constructed a model with the standard behavior of
the FRW Universe for the external space. Moreover, this model is endowed with positive 4-D
effective cosmological constant. However, the fine tuning of parameters is required to get the
observable dark energy density. To avoid the fine tuning problem, we generalized this model
to the case of orbifold internal space with branes in fixed points. In the spirit of the Universal
Extra Dimension models, the Standard Model fields are not localized on the brane but can
move in all bulk space. We considered Ricci-flat orbifolds. The internal space stabilization
condition together with the positivity of the effective 4-D cosmological constant Λeff > 0 lead
to the conclusion that Λeff can be of the order of observable dark energy cosmological constant
ΛDE without any fine tuning of the parameters. However, in this case the effective potential
is too flat (mass gravexcitons is very small) to provide necessary constancy of the effective
fundamental ”constants”.
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